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1 Onsager reciprocity relations

Onsager derived relations of reciprocity for the linear response coefficients. These relations can be
used only if the generalized forces are expressed in a specific way. In this exercise we will derive linear
response coeflicients that do satisfy relations of reciprocity. We consider a homogeneous conductor that
allows transport of charge and heat between two thermodynamic reservoirs R; and R». The reservoirs
have temperature T} and 75 = T7 + AT and electric potential V; and Vo = V; + AV . We will also
give an expression of the thermal conductance as a function of the linear response coefficients.

I, = logAV + I AT

Iy = lpo AV + lpp AT

Using this formulation, the reciprocity relation I, = I3, is not satisfied. This is because we chose arbi-
trarily the formulation for the forces : AT and AV . We must define the flux of extensive quantity and
identify the generalized forces starting from the rate of entropy creation. This ensures an unambiguous
definition of the forces.

Question 1 We consider that the conductor and the two reservoirs form an isolated system. g is the
charge of an electron, AN and AU are the variation of number of electrons and internal energy in
the reservoir Ry during ¢. Write the variation of charge and energy of reservoir R; neglecting the heat
capacity and electrical capacity of the conductor.

We consider that the system comprising R;,the conductor and Ry form an islated system. The conduc-
tor having neglectable heat and electrical capacity, we consider that each element of energy or particle
or charge lost by R; is gained by Ry and vice-versa.

oUy = —6Uy = —6U
Q1 = q0N1 = —qo N>

Question 2 Derive the variation of entropy in R; and R».

We use the thermodynamical identity :



dU = TdS + pdN + Vdg

dSz%—%dN—%dq
5S) = 5TU;1 _ “gl)dzv - gdq
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and :
58y = 0Uy  p(13) +qV25N2

Question 3 Derive the total variation of entropy in during 6t in the system.
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Question 4 The rate of creation of entropy in the system is :% = >, JiX;, where J; is the rate
of variation of the extensive variables : Jy = % and J,; = q%[. Deduce that the generalized forces
associated Xi associated to the extensive quantities are : Xy = % and X, = _TIA (%) where

pec = i+ qV is the electro-chemical potential.
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We can deduce Xy = A(%) = —5% and X, = _%A(Nec)'

L11Laa—L2,

Question 5 Show that the thermal conductance is given by : I' = 177

The thermal conductance is given by Jiy = —I'AT with zero charge flux, i.e. J; = 0. Besides, we have :

1 fec AT
Jy=Lo1 X, + LooXy = —Lo1—A — Lyg—
U 21 Aq + Loo Xy 21q (T) 22753
The absence of charge flux gives us the relation L1; X, = — L2 Xy leading to X, = —%X U-

We use the previous expressions to get the thermal conductance I" :
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—TAT = —— Xy + Lo Xy
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Heat conduction constriction
- T
Ju=-A\VT = —Aa—ur
or

Q2 =27r(1 —cosa)

Y(r) = Qr? = 27(1 — cos a)r?
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Ju(r) - X(r) = cste
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